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C/} ■ Abstract 



We consider a waveguide modeled by the Laplacian in a straight pla- 
nar strip. The Dirichlet boundary condition is taken on the upper boundary, 
while on the lower boundary we impose periodically alternating Dirichlet and 
Neumann condition assuming the period of alternation to be small. We study 
the case when the homogenization gives the Neumann condition instead of 
■ the alternating ones. We establish the uniform resolvent convergence and the 

, estimates for the rate of convergence. It is shown that the rate of the con- 

vergence can be improved by employing a special boundary corrector. Other 
results are the uniform resolvent convergence for the operator on the cell 
of periodicity obtained by the Floquet-Bloch decomposition, the two-terms 
asymptotics for the band functions, and the complete asymptotic expansion 
for the bottom of the spectrum with an exponentially small error term. 
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1 Introduction 



During last decades, models of quantum waveguides attracted much attention by 
both physicists and mathematicians. It was motivated by many interesting mathe- 
matical phenomena of these models and also by the progress in the semiconductor 
physics, where they have important applications. Much efforts were exerted to study 
influence of various perturbations on the spectral properties of the waveguides. One 
of such perturbations is a finite number of openings coupling two lateral waveguides 
(see, for instance, [7], [8], [9], [12], [15], [18], [19]). Such openings are usually called 
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"windows". If the coupled waveguides are symmetric, one can replace them by a 
single waveguide with the opening(s) modeled by the change of boundary condition 
(see [9], [12], [15]). The main phenomenon studied in [7], [8], [9], [12], [15], [18], [19] 
is the appearance of new eigenvalues below the essential spectrum, which is stable 
w.r.t. windows. 

A close model was suggested in [3], where the number of openings was infinite. 
The waveguide was modeled by a straight planar strip, where the Dirichlet Laplacian 
was considered. On the upper boundary the Dirichlet condition was imposed. On 
the lower boundary the Neumann condition was settled on a periodic set, while on 
the remaining part of the boundary the Dirichlet condition is involved. In other 
words, on the lower boundary one had the alternating boundary conditions. The 
main assumption was the smallness of the sizes of Dirichlet and Neumann parts on 
the lower boundary. They were described by two parameters: the first one, e, was 
supposed to be small, while the other, r\ = 77(e), could be either bounded or small. 

The main difference between the models studied in [3] and in [7], [8], [9], [12], [15], 
[18], [19] is the influence of the perturbation on the spectral properties: while in the 
latter papers the essential spectrum remained unchanged and discrete eigenvalues 
appeared below its bottom, in [3] the spectrum was purely essential and had band 
structure. Moreover, it depended on the perturbation and, for example, the bottom 
of the spectrum moved as e — > +0. Assuming that 

ehi77(e) ->■ -0 as e ->■ +0, (1.1) 

it was shown in [3] that the homogenized operator is the Laplacian with the previous 
boundary condition on the upper boundary, while the alternation on the lower 
boundary should be replaced by the Dirichlet one. More precisely, it was shown 
that the uniform resolvent convergence for the perturbed operator holds true and 
the rate of convergence was estimated. Other main results were the two-terms 
asymptotics for first band functions of the perturbed operator and the complete 
two-parametric asymptotic expansion for the bottom of the spectrum. 

In the present paper we consider a different case: we assume that the homoge- 
nized operator has the Neumann condition on the lower boundary, which is guar- 
anteed by the condition 

eln?7(e) ->■ -00 as e ->■ +0. (1.2) 

We observe that this condition is not new, and it was known before that it implied 
the homogenized Neumann boundary condition for the similar problems in bounded 
domains, see [24], [13], [14], [16], [17], [20]. 

We obtain the uniform resolvent convergence for the perturbed operator and 
we estimate the rate of convergence. We also obtain similar convergence for the 
operator appearing on the cell of periodicity after Floquet decomposition and pro- 
vide two-terms asymptotics for the first band function. The last main result is the 
complete asymptotic expansion for the bottom of the spectrum. 

Similar results were obtained [3] under the assumption (1.1), and now we want 
to underline the main differences. We first observe that in [3] the estimate of 
the rate of convergence for the perturbed resolvent was obtained for the difference 
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of the resolvents of the perturbed and homogenized operator and this difference 
was considered as an operator from L 2 into W\. In our case, in order to have a 
similar good estimate, we have to consider the difference not with the resolvent of 
the homogenized operator, but with that of an additional operator depending in 
boundary condition on an additional parameter 

a = 11(e) : = — — — — -» +0 ase^ +0. (1.3) 

emr](e) 

Moreover, we also have to use a special boundary corrector, see Theorem 2.1. Omit- 
ting the corrector and estimating the difference of the same resolvents as an operator 
in L 2 , we can still preserve the mentioned good estimate. Omitting the corrector 
or replacing the additional operator mentioned above by the homogenized one, one 
worsens the rate of convergence. At the same time, this rate can be improved par- 
tially by considering the difference of the resolvents as an operator in L 2 . Such 
situation was known to happen in the case of the operators with the fast oscillating 
coefficients (see [1], [2], [6], [30], [31], [34], [35], [36], [38], [39] and the references 
therein for further results). From this point of view the results of the present paper 
are closer to the cited paper in contrast to the results of [3] and [29, Ch. H, Sec. 
4.1]. 

One more difference to [3] is the asymptotics for the band functions and the 
bottom of the essential spectrum. The second term in the asymptotics for the band 
functions is not a constant, but a holomorphic in fi function. In fact, it is a series 
in \x and this is why the mentioned two-terms asymptotics can be regarded as the 
asymptotics with more terms, see (2.8). Even more interesting situation occurs in 
the asymptotics for the bottom of the spectrum. Here the asymptotics contains 
just one first term, but the error estimate is exponential. The leading term depends 
on e and /j, holomorphically and can be represented as the series in e with the 
holomorphic in /j, coefficients. For the bounded domains the complete asymptotic 
expansions for the eigenvalues in the case of the homogenized Neumann problem 
were constructed in [4], [25]. These asymptotics were power in e [25] with the 
holomorphic in fi coefficients [4]. At the same time, the error terms were powers 
in e and the convergence of these asymptotic series was not proved. In our case 
the first term in the asymptotics for the bottom of the essential spectrum is the 
sum of the asymptotic series analogous to those in [4], [25]. In other words, we 
succeeded to prove that in our case this series converges, is holomorphic in e and \x 
and gives the exponentially small error term that for singularly perturbed problems 
in homogenization is regarded strong result. 

Eventually, we point out that the technique we use is different: in addition 
to the boundary layer method [37] used also in [3], here we also have to employ 
the method of matching of the asymptotic expansions [27]. Such combination was 
borrowed from [4], [23], [24], [25]. We use this combination to construct the afore- 
mentioned corrector to obtain the uniform resolvent convergence. Similar correctors 
were also constructed in [13], [20], [24], but to obtain either weak or strong resol- 
vent convergence. We also employ the same corrector in the combination of the 
technique developed in [21] for the analysis of the uniform resolvent convergence for 
thin domains. 
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In conclusion, we describe briefly the structure of the paper. In the next section 
we formulate precisely the problem and give the main results. The third section is 
devoted to the study of the uniform resolvent convergence. In the fourth section we 
make the similar study for the operator appearing after the Floquet decomposition, 
and we also establish two-terms asymptotics for the first band functions. In the 
last, fifth section we construct the complete asymptotic expansion for the bottom 
of the spectrum. 

2 Formulation of the problem and the main re- 
sults 

Let x = (xi,x 2 ) be Cartesian coordinates in R 2 , and Q := {x : < x 2 < it} be a 
straight strip of width it. By e we denote a small positive parameter, and 77 = 77(e) 
is a function satisfying the estimate 

< r){e) < |. 

We indicate by Y + and T_ the upper and lower boundary of Q, and we partition 
r_ into two subsets (cf. fig. 1), 

7 £ := {x : \xi - enj\ < er], x 2 = 0, j e Z}, T £ : = T_ \ %. 

The main object of our study is the Laplacian in L 2 (Q) subject to the Dirichlet 
boundary condition on T + U r y £ and to the Neumann one on T £ . We introduce 
this operator as the non- negative self-adjoint one in L 2 (Q) associated with the 
sesquilinear form 

l) e [u,v] := (Vu,Vv) L2(n) on W 2 (Q : T + U %), 

where W^iQ, S) indicates the subset of the functions in W 2 l (Q) having zero trace on 
the curve S. We denote the described operator as % £ . The aim of this paper is to 
study the asymptotic behavior of the resolvent and the spectrum of T-L £ as e — > +0. 

Let be the non-negative self- adjoint operator in L 2 (Vt) associated with the 
sesquilinear form 

i) M [u,v]:={Vu,Vv) L2{n) +fi{u,v) L2{dn) on W 2 1 {Q,T + ), 

where ji ^ is a constant. Reproducing the arguments of [5, Sec. 3], one can show 

that the domain of consists of the functions in W 2 {Q) satisfying the boundary 
condition 

Ou 

au — on T_, u = on T + , (2.1) 

ox 2 

and 

H M u = -Au. (2.2) 

By || • |U 2 (fi)->L 2 (fi) and || • || L2 (n)^w 2 1 (n) we denote the norm of an operator acting 
from L 2 (Q) into L 2 (Vi) and into W 2 (Q), respectively. 

Our first main result describes the uniform resolvent convergence for "H e . 
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Figure 1: Waveguide with frequently alternating boundary conditions 



Theorem 2.1. Suppose (1.2). Then 

\\{U £ - I)' 1 - (UM - irl^n)-^) < Ce^\ lne/i|, (2.3) 
\\(H £ - i)- 1 - (^ {0) - iy'h^wm < (2.4) 
IK^-i)- 1 -^-!)- 1 !!^)^^) <CfjL, (2.5) 

where the constants C are independent of e and fi, and fi = fi(e) was defined in 
(1.3). There exists a corrector W = W(x,e,fj) defined explicitly by (3.17) such that 

||(ft £ - i)- 1 - (1 + W)(HV> - irlM^^n) < Cept] lne/x|, (2.6) 

where the constant C is independent of e and /i. 

The spectrum of the operator is purely essential and coincides with [|, +oo) . 
By [RSI, Ch. VIII, Sec. 7, Ths. VIII.23, VIII.24] and Theorem 2.1 we have 

Theorem 2.2. The spectrum of 7i £ converges to that of U {0) . Namely, if A £ 
[|,+oo) ; then A ^ cr(H e ) for e small enough. If A e [|,+oo) ; £/ien i/iere exists 
A e G c(T-L £ ) so that \ £ — > A as e — >■ +0. T/ie convergence of the spectral projectors 
associated with T-L £ and 

\\v {a , b) (n £ )-v {a , b) (n^)\\^o, s^o, 

is valid for a < b. 

The operator T-L £ is periodic since the sets r y £ and T £ are periodic, and we employ 
the Floquet decomposition to study its spectrum. We denote 

tt £ := jx : |xi| < -y, < x 2 < vr j , 

7e := dtt £ n 7e , f £ := dQ £ n r £ , f ± := <9fi £ n r±. 

By T-L £ (t) we indicate the self-adjoint non-negative operator in L 2 (f2 £ ) associated 
with the sesquilinear form 

t) e (r)[u,v] := i— - - U, i— - - v + 



on Wl per (Q £ , f + U <%), where re [-1,1). Here Wl per (Q £ , f + U <%) is the set of the 
functions in W^iP-ei r + U 7e ) satisfying periodic boundary conditions on the lateral 
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boundaries of Q £ . The operator "H £ (t) has a compact resolvent, since it is bounded 
as that from L 2 (Q £ ) into W 2 1 (Q £ ), and the space W 2 (Q £ ) is compactly embedded 
into L 2 (Q £ ). Hence, the spectrum of "H e (r) consists of its discrete part only. We 
denote the eigenvalues of % £ {r) by A n (r, e) and arrange them in the ascending order 
with the multiplicities taking into account 

Ai(r, e) < A 2 (r, e) ^ . . . ^ A n (r, e) < . . . 

By [3, Lm. 4.1] we know that 

oo 

a(H e ) = a e (H £ ) = \J{X n (r,e) : r e [-1, 1)}, 

n=l 

where cr(-) and cr e (-) indicate the spectrum and the essential spectrum of an opera- 
tor. 

By £ £ we denote the subspace of L 2 {VL £ ) consisting of the functions independent 
of Xi, and we shall make use the decomposition 

L 2 (tt £ )=Q £ ®2 £ L , 

where £^ is the orthogonal complement to £ £ in L 2 (VL £ ). Let be the self- adjoint 
non-negative operator in £ £ associated with the sesquilinear form 

q[M,t;]:= (r'r) +M0M0) on ^((O^M), 

\ 2 2/ L 2 (0,7r) 

i.e., <2^ is the operator — ^ in L 2 (0, 7r) with the domain consisting of the functions 
in W 2 (0, 7r) satisfying the boundary conditions 

m (tt) = 0, «'(0) - ^u(O) = 0. 

Our next results are on the uniform resolvent convergence for % £ {t) and two- 
terms asymptotics for the first band functions. 

Theorem 2.3. Let |r| < 1 — x 7 where < x < 1 is a fixed constant and suppose 
(1-2). Then for sufficiently small e the estimate 

2\ -i 



^ Cx" 1/2 (e 1/ V + £) (2.7) 

L 2 (n e )->L 2 (n £ ) 

/ioWs £r«e ; where the constant C is independent of e, /i, and x. 



Theorem 2.4. Let the hypothesis of Theorem 2.3 holds true. Then given any N, 
for e < 2x 1 / 2 iV~ 1 the eigenvalues A n (r, e), n = 1, . . . , N, satisfy the relations 
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\ n (r,e) = — + AM + R n (r,e,fi), 
\R n {r,e^)\^CK- 1 / 2 n A e 1 /' 2 ^ 
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where A„(/z), n = 1, . . . , N, are first N eigenvalues of Q^, and the constant C is 
the same as in (2.7). The eigenvalues A„(/i) solve the equation 

VA cos VAn + fi sin VXir = 0, (2.9) 

are holomorphic w.r.t. jj,, and 

AM = (n - 2 + - + G(/i 2 ). (2.10) 

Let 

+oo 

g(/3):=-y (2.11) 

It will be shown in Lemma 5.2 that the function 0(0) is holomorphic in /3 and its 
Taylor series is 

i=i J ' 
where £ is the Riemann zeta-function. 

Our last main result provides the asymptotic expansion for the bottom of the 
essential spectrum of T-L e . 

Theorem 2.5. Fore small enough, the first eigenvalue X±(t, e) attains its minimum 
at t = 0, 

inf Ai(r,e) = Ai(0,e). (2.13) 

re[-l,l) 

The asymptotics 

Ai(0, e) = A(e, fi) + O^e' 1 / 2 ^ 1 + e 1 ^ 2 ) (2.14) 
holds true, where A(e,/i) is the real solution to the equation 

v/Acosv^Tr + yUsinv/ATr - e 3 fj,A 3/2 9(e 2 A) cosy/Xn = (2.15) 
satisfying the restriction 

A(e,^) = Ai(^) + o(l), e^O. (2.16) 

T/ie function A(e,/i) is jointly holomorphic w.r.t. e and /i and can be represented 
as the series 

+oo +oo 

A(e^) = AiC/x) +/i 2 ^^ +1 K 2j+1 (/i) +/i 3 ^e 2 ^(/i), (2.17) 
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where the functions KM) are holomoprhic w.r.t. ji, and, in particular, 

K(lA _ C(3) Ajfrx) 
3lW 4 7rAi(/i) + /i + 7r/i 2 ' 

^ 4 (/i) = 0, 

3C(5) A?(//) 



KM 

km 

KM 



64 7rAi(/i) + jj, + 7r/i 2 ' 
C(3) 2 A 3 (/x)(27r 2 A 2 Qu) + 77r/iAi(/j) + 27rVA 1 (/i) + 7/i 2 + 77r/i 3 ) 

64 (7rAl(/x) + /i + 7T/l 2 ) 3 

5C(7) AK/x) 



512 nAM +Ai + vr/i 2 
3C(3)C(5) A^( /U )(27r 2 A 2 (/i) + 9ttMi(aO + 27r 2 /i 2 A 1 (/i) + V + 9/i 3 7r) 



512 (ttAi(/x) +/i + 7r/i 2 ) 3 

(2.18) 

T/ie asymptotic expansion for the associated eigenfunction ofH £ (0) reads as follows, 
U(-,e) - %\\ W2H n e) = O^- 1 + erj 1 / 2 ), (2.19) 
where the function 4> £ is defined in (5.27). 

Remark 2.6. All other coefficients of (2.17) can be determined recursively by sub- 
stituting this series and (2.12) into (2.15), expanding then (2.15) in powers of e, 
and solving the obtained equations w.r.t. K{. 



3 Uniform resolvent convergence for % £ 

In this section we prove Theorem 2.1. Given a function / G L 2 (£l), we denote 

u £ := (H e - J)" 1 /, «<">:= (ft 00 -i)" 1 /- 

The main idea of the proof is to construct a special corrector W = W(x,e,n) with 
certain properties and to estimate the norms of v £ := u £ - (1 + W)u^ and u^W . 
In fact, the function W reflects the geometry of the alternation of the boundary 
conditions for % £ , and this is why it is much simpler to estimate independently v £ 
and u^W than trying to get directly the estimate for u £ — u^ and u £ —u^°\ Next 
lemma is the first main ingredient in the proof of Theorem 2.1 and it shows how W 
is employed. 

Lemma 3.1. Let W = W(x,e,fj) be an en-periodic in x 1 function belonging to 
C(Q) nC°°(Q\ {x : x 2 = 0, x 1 = ±er)-\-eirn, n e Z}) satisfying boundary conditions 

dW 

W = -1 on 7 e , — - = -fj, on T £ , (3.1) 

ox 2 

and having differentiate asymptotics 

W(x, e, fi) = c±(e, /i)ri /2 sin -± + <D(p±), r ± -> +0. (3.2) 
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Here (r±, 9±) are polar coordinates centered at (±£1], 0) such that the values 6± = 
correspond to the points of Assume also that AW G C(f2). Then (1 + W)u^ 
belongs to W^i^i, T + U 7 £ ) ; and 

~2i(u^W,v £ ) Lm -2(wW^\Vv £ ) L2m -fi(u^\Wv £ ) L2{r£ y 
Proof. We write the integral identities for u £ and 

(Vu e , V0) L2(Q) + i(u e , 0)l 2( q) = (/, 0)l 2 (q) (3.4) 
for all G W^(Q, T+ U 7 £ ), and 

(V«M W) La(n) + fi(u^\ 0) L2(r _) + 0) L2(n) = (/, 0)l 2 (h) (3.5) 

for all G (^j Employing the smoothness of W, (3.1), (3.2), and proceeding 
as in the proof of Lemma 3.2 in [3], we check that (1 + W)<f) G Wl{Q, T + U 7 £ ), if <fi 
belongs to the domain of U £ or n M . Hence, (1 + W)u^ G W%(Q, T + U 7 £ ). Thus, 

il + W)v £ eW^,Y + U l£ ). (3.6) 

We take = (1 + W> e in (3.5), 

(W">,V(1 + W> e )L a( n) + (1 + W> e ) La(r _) 

+ \{u^\ (1 + W> £ )l 2 (q) = (/, (1 + W> e ) La(n) , 
(Vu<"\(l + W)Wv £ ) Lm + i(u^\ (1 + W)v £ ) Lm = 

(/, (1 + W> e ) La(n) - (Vu<"\ v £ VW) L2{n) - /i(« (M) , (1 + W> £ ) Mr _), 
(V(l+W><"\ + i((l + W> M ,0 M tt) = 

(/, (1 + W)v £ ) L2(n) - (Vu^\v £ VW) L2m 

L 2 (r_)- 

We deduct (3.4) with <p = v £ from the last identity, 

l|vu e ||i a(n) + i|kHi 2(n) = -(/,^ £ ) i2(n) + {Vu^\v £ vw) Lm 

- (u^VW, Vv £ ) L2(n) + ^\ (1 + W> £ ) La(r _). 
We integrate by parts taking into account (3.1), (3.5), and (3.6), 
(Vu^,v £ VW) L2{n) - (u^VW,Vv £ ) L2{n) 

= (Vu^,v £ VW) L2(n) + J u^^-v £ d Xl + (divu^VW,v £ ) L2{n) 
= 2(yu^\v £ VW) L2m -li(u^\v £ ) L2{Ve) + (u^AW,v £ ) L2{Q) , 

and 

(Vu^\v £ VW) L2{n) = (VuM VWv £ ) Lm - (Vu^\WVv £ ) L2{n) 
= (f,Wv £ ) L2{n) -i(u^\Wv £ ) L2{n) 

- ii{u^\ Wv £ ) L2[t _ } - (V« (M) , WWv £ ) Lm . 
We substitute the obtained identities into (3.7) and this completes the proof. □ 
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As it follows from (3.3), to prove the smallness of v £ in W^ 2 1 (fi)-norm, it is 
sufficient to construct a function W satisfying the hypothesis of Lemma 3.1 so that 
the quantities W and AW are small in certain sense. This is why we introduce W 
as a formal asymptotic solution to the equation 

AW = in n, (3.8) 

satisfying (3.1), (3.2) and other assumptions of Lemma 3.1. To construct such 
solution, we shall employ the asymptotic constructions from [4], [25] based on the 
method of matching of asymptotic expansions [27] and the boundary layer method 
[37]. We also mention that similar approach was used in [24, Lm. 1] for constructing 
a different corrector. 

First we construct W formally, and after that we shall prove rigourously all 
the required properties of the constructed corrector. Denote £ = (£1,^2) = xe -1 , 
<^') = (q^,^), ^ = (£1 — ^ = Outside a small neighborhood of 

7 e we construct W as a boundary layer 

W(x,e,fx) = efiX(0- 

We pass to £ in (3.8) and let rj = in the boundary conditions. It yields a boundary 
value problem for X, 

fly +°° 
A^X = 0, 6 > 0, — = -1, £ G T° := {£ : & = 0} \ (J {(ttj, 0)}, (3.9) 

j=-oo 

where the function X should be 7r-periodic in £1 and decay exponentially as £2 — > 
+00. It was shown in [23] that the required solution to (3.9) is 

X(£) := Re In sin^ + i&) + In 2 - 

It was also shown that 

XGC oo ({£:6>0,^(7Tj,0),jGZ}), 

and this function satisfies the different iable asymptotics 

X(O = ln|£-(7rj,O)|+ln2-6 + 0(£-( 7 rj,O)| 2 ), ^(vrj',0), j G Z. (3.10) 

In view of the last identity we rewrite the asymptotics for X as £ — > (irj, 0) in terms 
of<^'\ 



e/iX(0 ( In |£ - (ttj, 0) I + In 2 - £2) + OM£ " (vrj, 0) | 
= - 1 +e/j,(\n\^ j) \ + In 2) - e^irj^ + C(e/ir] 2 |^ 



In accordance with the method of matching of asymptotic expansions it follows 
from the obtained identities that in a small neighborhood of each interval of 7 £ we 
should construct W as an internal layer, 

W(x,e^) = -l + efxW^(^), (3.12) 
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where 

W£\q®) = In |^')| + In 2 + o(l), s U) ->• +00. (3.13) 

We substitute (3.12) into (3.8), (3.1), which leads us to the boundary value problem 
for Wg>, 

w£> = o, ^g 7 \ ^%- = o, ^er 1 , (3.14) 
7 1 ;= {•? ; ki|< i,ft = o}, r 1 ^c^xf. 

It was shown in [23] that the problem (3.13), (3.14) is solvable and 

Wgk®) = Y(qW), Y{q) := Re\n(z + v 7 ^!), z = q 1 + k 2 , (3.15) 

where the branch of the root is fixed by the requirement vT = 1. It was also shown 
that 

Y(q)=hi\q\+hi2 + 0(\q\- 2 ), q->oo. (3.16) 

As it follows from the last asymptotics, the term —ejj,^ in (3.11) is not matched 
with any term in the boundary layer. At the same time, it was found in [4] , [24] , [25] 
that such terms should be either matched or cancelled out to obtain a reasonable 
estimate for the error terms. This is also the case in our problem. In contrast to 
[4], [24], [25], to solve this issue we shall not construct additional terms in W, but 
employ a different trick to solve this issue. Namely, we add the function to the 
boundary layer and add also — \ix 2 as the external expansion. It changes neither 
equations nor boundary conditions for W but allows us to cancel out the mentioned 
term in (3.11). The final form of W is as follows, 

W(x,e,n)=-iiX2 + eiJi(X{Z)+Z 2 ) J] (l-Xi(k°V)) 

(3.17) 

+oo v ' 

+ E xi(k% Q )(-i+^nr 0) )), 



j=-oo 



where a G (0, 1) is a constant, which will be chosen later, and xi — Xi{t) is an 
infinitely differentiate cut-off function taking values in [0, 1], being one as t < 1, 
and vanishing as t > 3/2. It can be easily seen that the sum and the product in 
the definition of (3.17) are always finite. 

Let us check that the function W satisfies the hypothesis of Lemma 3.1. By 
direct calculations we check that the function W is £7r-periodic w.r.t. x±, belongs 
to C(H) n C°°(n \ {x : x 2 = 0, X! = ±eri + eirn, n G Z}), and satisfies (3.2). The 
boundary condition on 7 e in (3.1) is obviously satisfied. Taking into account the 
boundary conditions (3.9), (3.13), we check 

8W\ " ' + " 



dx<2 



%U + 1 ) n (i-»aam) 



j=-oo 
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j= -oc &2 



? u) G ri 



i.e., the boundary condition on T e in (3.1) is satisfied, too. 

Let us calculate AW. In order to do it, we employ the equations in (3.9), (3.13), 

+oo 

AW(x) = 2 £ V.Xid^lO'V^i^s,//) 

(3.18) 



j=-oo 
+oo 



+ E ^£(^,£^)A,xi(k (j) l<), 



j=-oo 

W2*(x,e,|i) = -1 + 5/i(F(^)) -X(0 -6)- 

It follows from the definition of £, <r^, Xi> -X", an d the last formula that AW G 
C°°(Q). Thus, we can apply Lemma 3.1. To estimate the right hand side of (3.3) 
we need two auxiliary lemmas. 
Given any 5 G (0,7r/2), denote 

+oo 

Q s ■= (J Q s p n s . ■= {x:\x- (ttj, 0)| < e5} n Q. 

j=-oo 

Lemma 3.2. For any u G W^fi) and any 5 G (0, 7r/4) £/ie inequality 

\\u\\l 2{ &) < Ctffl ln^l 1 / 2 + 1) ||«|| w i ( n) (3.19) 
/ioWs £rue ; where the constant C is independent of 5 and u. 
Proof. We begin with the formulas 



U/ll 2 



HlL(n?) 



E imiW ( 3 - 2 °) 

j=-oo 

J \u(x)\ 2 dx = e 2 J \u(eO\ 2 dt 

f2* |f-(7Tj,0)|«J,ft>0 

| ix 2 (e- fo\ o)) M (50i 2 de, 



|«-(7rj,0)|<<5,6>0 



where %2 = X2(£) is an infinitely differentiate function being one as |£| < 5 and 
vanishing as |£| > ir/3. We also suppose that the functions X2, X2 are bounded 
uniformly in £ and 5. Hence, 

X2 (- - (7rj,o))« g ^(nj^nj), n] : = : |& - ttj| < |, o< & < 1} . 

By [28, Lm. 3.2], we obtain 

J \ X 2u\ 2 d^Ce 2 5 2 (\ln5\ + l) J (|V ?X 2«| 2 + \X2u\ 2 ) d£ 



5 2 



|?-(7rj,0)|<5,6>0 
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^ Ce 2 5\\ \n8\ + l)(||V^|| L2(n i) + IMk(n})) 

^ C5 2 (\ hiS\ + l)||w||^i({ x .| xl _ e ^| <en ./ 2) o<x2<7r})' 

where the constants C are independent of j, e, 5, /i, and u. We substitute these 
inequalities into (3.20) and arrive at (3.19). □ 

Lemma 3.3. For any u G W%{Q) and any 5 G (0, 7r/2) the inequality 

IMU 2 ( 7 f) < C5 1/2 \\u\\ W 2 { n), 7e := {% ■ \xi - eirj\ < e5, x 2 = 0}, 
holds true, where the constant C is independent of e, 5, andu. 
Proof. It is clear that 



u 



j=-oo 



It follows from the definition of \2 (see the proof of Lemma 3.2) that 



y X2 -ttj) «(a:i,0) 



dxi. 



(3.21) 



(3.22) 



Since 



X\ 

X2 - TTj) 0) = J — (x2 - 7Tj) 0)) cbi, 



£7TJ- 



by the Cauchy-Schwartz inequality we get 



d 

dxi 



X2 



— - TTjJ ^(Xi, 0)J = X2 ~ TTjJ ^r( X l> °) + £_1 X2 ~~ 



X2 (7-^ 0) M (X!,0)| 2 ^C 



/ 

e 



<9w 



dx 1 



>i,0) 



\ 



dxi + £ / 0)| dxi 



7e, : 



/ 



le,j ■■= ■ Fi - ^ttjI < y, ^2 = j , 



where the constants C are independent of j, e, 5, and u. The last estimate and 
(3.22) imply 





du 


( 


dxi 



L 2(ye,j 



+ IMIl 2 ( 7£iJ ) , 



where the constant C is independent of j, e, 5, and w. We substitute the obtained 
inequality into (3.21) and employ the standard embedding of W%(Vt) into W^iT-) 
that completes the proof. □ 
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Lemma 3.4. The estimates 

\AW\ ^ Ce _ V(l + V 4a ~ 2 ), xeVl, (3.23) 
\W\^Ceii(\\n5\ + l), xefl\n 5 , 7;V a <$<^, (3-24) 

\W\ ^C, xe n s , \ a < 5 < J, (3.25) 

are valid, where the constants C are independent of e, /i, i], 5, and x. 

Proof. Since W is £7r-periodic w.r.t. x±, it is sufficient to prove the estimates only 
for |xi| < en/2, < x 2 < n. It follows directly from the definition of X, Y, and 
(3.13), (3.16) that for any 5 E (0, tt/2) 

|X(0|<C(|ln5| + l), |6I <|, 6>o, \t\>6, 

|y(?)| ^cflin^l + i) ^c(|in5| + £ -V _1 ), kl <<fy~\ 

where the constants C are independent of e, fi, rj, 5, and x. These estimates and 
(3.17) imply (3.24), (3.25). 

It follows from the definition of Xi that AW is non-zero only as 

v -a < ^(l) | < -a 

For the corresponding values of x due to (3.13), (3.15) the differentiable asymptotics 
wV t (x,e,») = OMk«|- 2 + |e| 2 )), < |,«| < Ty 1 - < |e| < 

holds true. Hence, for the same values of £ and i^ 1 ) 

v.wii = o(M^ 1 k (1) r 3 + lei)) = cw+ij 3 - 1 ))- 

Substituting the identities obtained into (3.18) and taking into account the relations 

VxXi(k°V) = ©(e- 1 ^- 1 ), A xXl (|^V) = O^Y^ 2 ), 
we arrive at (3.23). □ 
Let us estimate the right hand side of (3.3). We have 

\(f,Wv £ ) L2i n)\ < ||/||L 2 (fi)||W^ £ |k(n), 

\\Wv £ \\l 2{n) = H^lli,^) + ||^|li 2( ^). (3.26) 
Let 5 G (\rj a , |). Applying Lemma 3.2 and using (3.24), (3.25), we have 



KW||i 2( ^^C5 2 (|ln5| + l)|K|| 2 W2l(n) . 



(3.27) 
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Here and till the end of this section we indicate by C various non-essential constants 
independent of e, /i, 77, 5, x, v £ , and /. The inequalities (3.27) yield 

\(f,v £ W) Lm \ ^C(e/x|ln5| + 5|ln5| 1 / 2 + 5)11^11^)11/11^). (3.28) 

It follows from the definition of that 

h M \\wi(n)^C\\f\\ Lm . (3.29) 

Taking into account this inequality, we proceed in the same way as in (3.26), (3.27), 
(3.28), 

llti^WU^n) < C{en\ ln6\ + 8\ InS^ 2 + S)\\v W \\wm (g 3Q) 

^C(e^\\n5\+5\\n5\^ 2 + 5)11/11^), 



llM/V^II^^^C^Iln^+^ln^l^ + ^ll^ll^^) 

^C(ev\\n6\+5\\n5\ 1 / 2 + 5)\\f\\ L . m , 
I Wv £ ) L2{n) + (Vu^\ WVv £ ) L2{n) I 

\\u M W\\ L2(n) \\v £ \\ L2{n) + \\WVu^\\ L2(n) \\Vv £ \\ L2{n) (3.32) 
< C(eiM\ ln«5| + 5\ \n5\ 1 / 2 + 5)\\f\\ L . m \\v £ \\ w , {Q) . 

Employing (3.23) instead of (3.24), (3.25), and applying then Lemma 3.2 with 

5 = r/ a , we get 

\\u^AW\\ L . m = \\u^AW\\ L2{Q2va) < C7i 7 ° e - 3 V /2 (l + »7 4a - 2 )l|ti 0i) lki(n) (g 33) 



^C?7 q £ - 3 /V /2 (1 + ?7 4q " 2 



i 2 (H)- 



Using (3.24), (3.25), (3.28), Lemma 3.3 with 5 = 5 E (r] a ,n/2), the embedding of 
W%(Q) in W / " 2 1 (r_), and proceeding as in (3.26), (3.27), (3.28), we obtain 

\(u^\Wv £ ) w \ < ||^W|U 2( r e) |k £ |U 2( r_) ^C||^)W|| i2(r£) ||^|| w i (f ,), 
ll^ll! 2 (r £ ) = II^IIL^J) + II^^IIL^) 

< CeV(|ln5| 2 + 1)11^111^) + ^11^11^) (3-34) 

^C(5 + £V(|ln5| 2 +^l))||/||| 2(f ,), 
I («<">, ^ e ) i2( r e) | < C(?/ 2 + e|i (| lntf| + 1)) ||/|| La(n) , 

Let a G (1/2, 1). The last obtained estimate, (3.28), (3.32), (3.33), and (3.3) yield 

KHwftn) ^ ln5 \ 1/2 + M + £ f j2 \ M + ^ 1/2 )ll/IU 2 (n)||u e ||w 1 1 (n), 
and it is assumed here that 

rf < 5 < tt/2, rf < 5 < tt/2, 5 = 5(e) ->■ +0, 5 = 5(e) ->■ +0 as e ->■ +0. 
Thus, taking 5 = £/_t, 5 = e 2 /x 2 , we get 

lk e || w i(n) ^ Cefi\ In efi\\\f\\ L2(n) , 
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and it proves (2.6). 

We take 5 — e/i in (3.30) and employ (2.6), 

IK^-i)- 1 / - (U^ - rVlU^n) = \\u £ - u^\\ L2{Q) 
^ \\u £ -(l + W)u^\\ Lm + \\u^W\\ 
^ C£//|ln£//|||/|| L2(n) , 

which proves (2.3). 
Lemma 3.5. T/ie estimate 

IIV^^II^^^C^II/H^^ (3.35) 

holds true. 

Proof. We integrate by parts employing (3.1), (3.2), (2.1), (2.2), 



= -f,\\u^W\\l 2{T _ ) + J \ u M\ 2 ^dx 1+ v(uM,uMW) L2{re) 

- (WAuM, Wu^) Lm - 2 (wW M \u M VW) L2(n) 
-{u^AW^W) Lm . 
We take the real part of this identity, 

l|V(^ ) ^)||l 2(f , ) =/i(^ ) ,^ ) ^)L 2 (r £ ) + J \u^\ 2 ^-dx, 

- nWu^Wf^^ - Re(WAu^\ Wu^) Lm 

- 2 Re (WVu^\u^VW) - (u^AW,u^W) . 

Let us calculate the fifth term in the right hand side of the last equation. We 
integrate by parts employing (2.1), 

2 Re (WVu (lI \u {fl) VW) L2{Q) =^ J WW 2 ■ V|w w | 2 dx 

n 

= -- [ ^ 9 M 2 i r 2 u w\2 d 

2 J dx 2 l 1 2 J 11 



= - nh^WWl^ - Re( W"\ WAu^) Lm 

~ \\WVu^\\l 2m - 
We substitute the last identity into (3.36), 



V(uMw)\\l 2{n) =^\u^W) L2{Te) + I \u^\ 2 ^d Xl 

I 2 (3-37) 

+ \\WVu^\\ 2 L2{n) - (u<»)AW,uMw) . 
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(3.38) 



Taking 8 — six in (3.31), we get 

Lim- 
it follows from (3.30) with 8 — six and (3.33) that 

\(u^AW,u^W) L2{n) \ ^ C7f£-Vy/ 2 |ln £/ /|||/||i 2(f2) , a G (1/2,1). (3.39) 
Employing (3.17), (3.15), by direct calculations we check that 

+oo 



7e 



J=-oo. 



7e,j 

+oo 



=en 



3=-°o, 



II 



Ml 2. 



_9_ 



arcsm 



er] 



dxi, 



and 



/ 



Ml 2 



9 



7 £ ,j 



£7TJ 



arcsm • 



xi - £7TJ 



7e,; 



dxi erj 

sirj+sri 



+ 



I 



II 



M|2. 



9 r 



. Xi - £7TJ 7T 

arcsm 1 — dxi 

er] 2 



ETrj—er) 



dxi \ 



arcsm dxi, 

er] 2 ' 



7r|w^(£7rj,0)| 2 



/( 



. Xi — £7rj vr . N \ 9 

arcsm sgn(xi - enj) — 

STj 2 / axi 



M M | 2 dX!, 



7sj 



where 



£7TJ 



7T\ U ^(B7rj,0)\ 2 = l - J _ £7r(j _ 1))| M M|2) 

£7r(i-l) 

Thus, in view of the embedding of W%{VL) into W%(F-) and (3.29) 

£7TJ 



£7r(j- 

+ 0O „ 

+ £/J7T / 



(xi -en(j - l))\u 



M|2 



dxi 



j=-oo 



<9xi 



M|2 



dx 1 ^C f x\\f\\l 2 



We substitute the obtained estimate, (3.34) with 8 = e 2 fi 2 , (3.38), (3.39) into (3.37) 
and arrive at (3.35). □ 

The proven lemma and (2.6), (3.30) with 8 = six imply 



\m - i)- 1 - («w - i)- 1 !^^^!^ < cy/ 2 . 

The resolvent {U^ — i) 1 is obviously analytic in ix and thus 
This inequality, (3.40), and (2.3) yield (2.4), (2.5). 



(3.40) 
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o 

4 Uniform resolvent convergence for TL £ {r) 



This section is devoted to the proof of Theorems 2.3, 2.4. The proof of the first 
theorem is close in spirit to that of Theorem 2.3 in [3]. The difference is that here we 
employ the corrector W as we did in the previous section. This is why an essential 
modification of the proof of Theorem 2.3 in [3] is needed. 

We begin with several auxiliary lemmas. The first one was proved in [3], see 
Lemma 4.2 in this paper. 

Lemma 4.1. Let |r| < 1 — k, where < x < 1, and 

-2\ -1 



U e = U £ {r) - 



T 



f, fe L 2 (Q £ 



Then 



U £ \\l 2 (q £ ) 



^4 



(4.1) 



dx 2 
dU F 



L 2 (Q £ ) 



^2 



L 2 {n £ ) x 



^ "^II/IIm"*)- 



//, in addition, f G then 

e 



\\U e \\L 2 {n £ ) ^ -TrtH/IU 2 (fi e ), ||V?7 e || L2 (n £ ) ^ — ||/IU 2 (n e )- (4-2) 

It was also shown in [3] in the proof of the last lemma that for any u G 
W^ er (Q £ ,f + )and|rKl-x 



d 



dxi e 



- I u 



T 



L 2 (n E ) e 



2 n«llL a (n e ) > * 



du 



L 2 (Q £ ) 



du 



dx 2 



(4.3) 



L2{ ^2 Ml ^ 



Lemma 4.2. Let F G L 2 (0,n). Then 

l(Q^)(0)|^5||F|| L2((U) . 
Proof. We can find Q~ l F explicitly 



(q;^)(^) = ~ 



x 2 -t\-n + p -(1 + n(t - tt)) ) F(t) dt. 

1 + 7T/X 



Hence, by the Cauchy-Schwartz inequality 

IT 

l(S ^ F)(0)l ^ 2 (l + 7r/i) / (2?r " *)l^(*)|dt < 5||F|U 2(0 ,.), 

o 

that completes the proof. 



□ 
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Proof of Theorem 2.3. Let / G L 2 {Q £ ), f = F £ + f £ ± , where F £ G £ e , f^ G ££, 

2 

F e (x 2 ) = — f £ (x)dx 1 , 

SIX J 



£7T 

2 



^11^11 W> + ll/ e - L lli a(ne ) 



2 

L 2 (f2 £ )- 



(4.4) 



Then 



2\ - 1 



2\ - 1 



Ke(r)--;) f=[n £ (r)--\ F £ +[H £ (t)--\ f t 



2\ - 1 



F-L. 



By (4.2), (4.4) we obtain 
r 2 \ _1 



L 2 (f2 e ) 



-^Wf^Ww < ^ll/IU 2 (Q £ ). (4.5) 



2\ -1 



y«:= (Ue(T)-^) F £ , U^:=Q-^F £ 



We denote 



V £ (x) := C/ £ (x) - C/^(x) - U^(0)W(x,e,fi) X i(x 2 ), 

where, we remind, the function xi was introduced in the third section. In view of 
(3.1) and the definition of U £ the function V £ belongs to W£ (Q £ , f + 

We write the integral identities for U £ and U £ ^\ 



(4.6) 



for all G Wl per (n £ , f + U 7,), and 



(m) 



(ia;2 ' rf^2 / 

/ L2(0,7T 



+ /i^ ) (O)0(O) = (F e ,0) L2(o , 7r) 



(4.7) 



for all G W%((0, n), {tt}). Given any G W^ )Per (^ £ , f +), for a.e. x 1 G {-en/2, en/2) 
we have 0(xi,-) G Vt^ 2 1 ((0, n), {n}). We take such in (4.7) and integrate it over 
x 1 G (-en/2, en/2), 



dU^ ,90 

dxo ' Ox-? 



+ / i(^ ) ,0)L 2 (f_) = (^,0)L 2 (n £ ). 



L 2 (Q £ ) 



The function U £ ^ is independent of xi, and hence 



((£-;)•*-■(«£- 



i 2 (n £ ) 
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L 2 (f2 £ ) 



T 



The sum of two last equations is as follows, 

d t\ 



.2 



+ 



dU^ ] d(j) 
dx 2 ' dx 2 



dx l £ J / L 2 (Q e ) 

- Il([/M,0) L2(f , £) +/.(C/^,0) L2(f _ ) = (F £ ,0) w 
We let = V £ in (4.6), (4.8) and take the difference of these two equations, 

We represent U £ — U £ ^ as V £ + £4^(0) W%i and substitute it into the last equation, 



L 2 (fl £ ) 



dxi e 



L 2 (f2 £ ) 



<9K 



72 ll^ £ llL(n e ) 



M^ M , v;) il( f,> - ci'"(0) ((i^ - T -)w x 
-ul^)' dWxi SV - 



L 2 (n e 



a X2 •a x j L2lnt) -^" ) ^ w ^ v ^ 



= wi"(o) ( y e ) Il(fi) - (vw-'x-i, w e ) Ma) - ^ (i^-^ (n J 



We integrate by parts employing (3.1), 



(4.9) 



£ \ OTi / 



2ir 



L 2 (Q £ ) 



L 2 (n e ) 



and 



= V e ) L2{fe) +[g-,VA + (A(WXl), K)L 2( n £ ) 

\ 2 / L 2 (f £ ) 



= (AW X i,K)i 2 (fl £ ). 
Together with (4.9) it yields 
d r 



dxi e ' 



2 



UM(0) (A(W Xl ),V £ ) 



dV £ 


2 


r 2 


dx 2 


L 2 (^ e ) 


e 2 




2ir 




)L 2 (n e ) + £ 





0K\ 

dx 1 J 



(4.10) 



L 2 (Q £ ), 
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It follows from Lemma 4.2 and (4.4) that 

Hence, we can estimate the right hand side of (4.10) as follows, 

^5ne- 1 / 2 \\f\\ L2m ^||A(H/ Xl )llL 2( n £ )||V;|U 2( n e ) + 2^ 1 ||H/xi||L 2 (n £ ) 
< SOTrVlA^xOllLwII/llW) + l\m\l 2i n s) 



dV £ 






L 2 (n e )j 



+ 257r 2 x-V 3 ||H/||i 2(Q£) ||/||i 2(f , £) + x 



dV F 



dxi 



L 2 (Q E 



We substitute this inequality and (4.3) into (4.10), 



X 



L 2 (Q e ) 



+ \\%\\l 2{ n s) < SOvrVI/H^^JA^OIlL^ 



+ 257r 2 x~V 3 



L 2 (n e )ll/llL 2 (n e ) + gll^llL 2 (Q £ ) 



+ x 



dxi 



L 2 (n £ 



w. 



.!/,,!,,) < C (e" 1 |l/lli a(n .)l|A(Wxi)||i a (n.) + ^^II/IIL^II^IIL^)), 



< C (^ 1/2 ||A(H/ Xl )IU 2( n £ ) + x-VV 3 / 2 !!^!^^)) ||/|| L2( n e) , 

where the constants C are independent of £, fi, x, and /. Combining the last 
inequality, (4.4) and Lemma 4.2, we arrive at 

< \\V E \\L 2i n s) + \UM(0)\\\W\\ L2{ n s) 
<l|V e ||L a( n.) + C7e- 1 / 2 ||/|| La(n . ) ||W|| La(n . ) 

(e- 1 / 2 \\AW Xl \\ L2{ne) + ^ l,2 e^ 2 \\W\\ w ) \\f\\ L2{ n e) , 

where the constants C are independent of e, /i, x, and /. 
Let us estimate ||M / ||l 2 (q £ ) and || A(Wxi)\\L 2 (n £ )- We have 



(4.11) 



2 

L 2 (n E ) 



L 2 (n £ \n s ) 



+ 



L 2 (n E nn s )- 



We take S = \rf and in view of the definition (3.17) of W we obtain 



|w1l 2 (q £ \^) 



iai<f,6>o 



where the constant C is independent of e, /i, x, and /. It follows from (3.25) that 



\W\\ 2 3 „ ^ Ce 2 V 2a , a € (0,1), 
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where the constant C is independent of e and rj. Hence, 

||W|| L2(Qe) < Ce 2 n, 



(4.12) 



where the constant C is independent of e and /i. 

The definition (3.17) of W , the equations in (3.9), (3.14), the estimate (3.23), 
and the exponential decay of X, 



X(0 = 0(e" 2?1 ), 6^+oo 



yield that 



\\&(W X i)\\ ^2\\AW\\l 2{ns) +2 



dW 



2 1T-Xi + W X 'I 



dxi 



2J2-2a 



dxi 



a E (1/2,1), 
^<Ve- 2£ -\ 



where C are positive constants independent of e, i], and \i. We substitute the last 
estimates and (4.12) into (4.11), 



\U F - uw>\ 



L 2 (n e ) 



where the constant C is independent of e, /i, and x. Together with (4.5) it completes 
the proof. □ 

Proof of Theorem 2.4- First we obtain the upper bound for the eigenvalues A„. To 
do this, we employ standard bracketing arguments (see, for instance, [33, Ch. XII, 
Sec. 15, Prop. 4]), and estimate the eigenvalues of "H £ (t) by those of the same 
operator but with r\ = n/2, i.e., with Dirichlet boundary condition on f_. The 
lowest eigenvalues of the latter operator are 



(2 + r) 5 



(2-rf 



+ n 2 , n = l,2,... 



Hence, for n < Axe the lowest eigenvalues among mentioned are r 2 e + n , and 
thus 

\ ^ A n (r, e)- 1 —^ n 2 , n< 2^ 2 e~\ (4.13) 
4 e A 

The lower estimate was obtained by replacing the boundary conditions on f _ by 

the Neumann one. In the same way we can estimate the eigenvalues of replacing 
the boundary condition at x<i = by the Dirichlet and Neumann one, 



^ A n (fj) < n 2 

uniformly in fi for all n e Z. 

By [29, Ch. H, Sec. 1, Th. 1.4], Theorem 2.3, and (4.13), (4.14) we get 



(4.14) 



\ n (r,e) - 



An(/i) 



22 



X n (T,e) - A n (/i) 



^Cx-^ 2 ^ 2 + e)\K(li)\ 



\n(r,e) - 



which proves (2.8). 

The eigenvalues A„(/i) are solutions to the equation (2.9), and the associated 
eigenfunctions are sin y/X^(x2 — tt)- Hence, these eigenvalues are holomorphic with 
respect to fi by the inverse function theorem. The formula (2.10) can be checked 
by expanding the equation (2.15) and A n (fi) w.r.t. /i. □ 



5 Bottom of the spectrum 

In this section we prove Theorem 2.5. The proof of (2.13) reproduces word by word 
the proof of similar equation (2.5) in [3] with one minor change, namely, one should 
use here identity 

A 1 (0,e) = ^ + o(l), (5.1) 

instead of similar identity in [3]. The identity (5.1) follows from (2.8), (2.10). 

In order to construct the asymptotic expansion for Ai(0,e), we employ the ap- 
proach suggested in [4], [23], [24], [25] for studying similar problems in bounded 
domains. 

The eigenvalue Ai(0,e) and the associated eigenfunction ip(x : e) of H £ (0) satisfy 
the problem 

— A^(x, e) — Ai(0, e)ip(x, e) in Vt £ , 

dip = ( 5 - 2 ) 

ij)(x,e)=0 on r+Ui, — (x,e) = on T £ . 

0x2 

and periodic boundary conditions on the lateral boundaries of Q £ . We construct 
the asymptotics for Ai(0, e) as 

Ai(0,e) = A(e,^), 

where A = A(e,/i) is a function to be determined. It view of (2.8) with r = the 
function A should satisfy (2.16). 

The asymptotics of the associated eigenfunction ip £ is constructed as the sum 
of three expansion, namely, the external expansion, the boundary layer, and the 
internal expansion. The external expansion has a closed form, 

ij)?(x, A) = sin VX(x 2 - ?r). (5.3) 

It is clear that for any choice of A(e, //) this function solves the equation in (5.2), 
and satisfies the periodic boundary conditions on the lateral boundaries of Q £ . 

The boundary layer is constructed in terms of the variables £, i.e., ipf = il> £ l (£, //). 
The main aim of introducing the boundary layer is to satisfy the boundary condition 
on r £ . We construct ipf by the boundary layer method. In accordance with this 
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method, the series ipf should satisfy the equation in (5.2), the periodic boundary 
condition on the lateral boundaries of Q £ , the boundary condition 

dib ex dib bl 

7^ + 5^ = on r £ , (5.4) 

and it should decay exponentially as £ 2 _ > +00. 

It follows from (5.3) and the definition of £ that ipf should satisfy the boundary 
condition 

dib bl 

-g- = -v/Acosv/Avr on T°, (5.5) 
f° := {e:0<|6|<|,6>0}. 

Here we passed to the limit 77 — > +0 in the definition of T £ . 

We substitute ipf into the equation in (5.2) and rewrite it in the variables £, 

-A&? = e 2 Aii>?, (en, n : ={e:|ei|<^, 6>o}. (5.6) 

To construct ijjf, in [4], [23], [24], [25] the authors used the standard way. Namely, 
they sought ipf and A(e, fx) as asymptotic series power in e. Then these series were 
substituted into (5.5), (5.6), and equating the coefficients at like powers of e implied 
the boundary value problems for the coefficients of the mentioned series. In our case 
we do not employ this way. Instead of this we study the existence of the required 
solution to the problem (5.5), (5.6) and describe some of its properties needed in 
what follows. 

By QJ we denote the space of 7r-periodic even in £1 functions belonging to C°°(n\ 
{0}) and exponentially decaying as £2 — > +00 together with all their derivatives 
uniformly in £1. We observe that X e QX 

Lemma 5.1. The function X can be represented as the series 

+00 1 

x (0 = -E- e " 2n6cos2 < 1 ' ( 5 - 7 ) 

1 ^ 

71=1 

which converges in L 2 (n) and in C k (U H {£ : i?}) for each k > 0, R > 0. 
Proof. Since X e 23, for each £ 2 > and each k > we can expand it in 

C fc [-7T/2,7T/2], 

+00 +00 

= ^X n (6)cos2< 1 , \\X(.,^)\\ 2 L2( _, ^ = \ (5.8) 
=1 

2 



. 2'2J 2 

n=l n=l 

7T 

2 
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Integrating the second equation in (5.8) w.r.t. £2, we obtain the Parseval identity 



l x ll! 2 (n) = 9 XI " Xn 



2 

2 / 1 ' " " 1 1^2(0, +00) ■ 



n=l 



It yields that the first series in (5.8) converges also in L 2 (H), since 



N N 



X - ^X n cos2< 1 = ||X||| 2(n) ||X n ||| 2(0j+oo) . 

n=l n=l 

The harmonicity of X and the exponential decay as £2 — > +00 yield 
^(6) = - / ^cos2<!d6 = -n 2 X n (6), 

2 

X„(6) = ^e" 2 " 6 , k n = ^Jx n cos2<i d&. 

f° 

Denote ITj := IT \ {£ : |£| < 5}. Employing (3.9) and the harmonicity of X, we 
integrate by parts, 



= - lim ( e" 2 ™ 6 cos2<iA.Xd^ 



<9X 

cos 2n£i— — + 2nX cos 2n£i ) d£i 
0^2 



// f)v f) \ (5-9) 

e" 2 ™ 6 008 2^1-^-7 - X— -e" 2<2 cos2<i ds 
V d \Z\ d \Z\ J 

|£|«5,fc>0 

cos 2n£,i d^i + 7mk n + 7r. 

fo 

Thus, k n = — 1/n, which implies (5.7). The convergence of this series in C fc (Iln {£ : 
£2 ^ -R}) follows from the exponential decay of its terms in (5.6) as n — > +00. □ 

Lemma 5.2. For small real (3 the problem 

87 

-A ( z-p 2 z = {3 2 x, een, — = 0, £er°, (5.10) 

has a solution in W 2 (n.) D 23. 77ms solution and all its derivatives w.r.t. £ decay 
exponentially as £ 2 —> +00 uniformly in £x and /3. TTie differentiable asymptotics 

Z(£,/3) = Z(O,/3) + 0(|£| 2 ln|£|), ^0, (5.11) 

no/ds £r«e uniformly in (3. The function (X + Z) bounded in L 2 (JV) uniformly in 
f3. The identity 

Z(0,(3) = (3 2 9((3 2 ) (5.12) 

zs valid, where the function 9 is defined in (2.11). The function 9 is holomorphic 
and its Taylor series is (2.12). 
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Proof. Let 22J be the subspace of W-f (II) consisting of the functions satisfying peri- 
odic boundary conditions on the lateral boundaries of II, the Neumann boundary 
condition on T , and being orthogonal in ^(II) to all functions = (^(£2) belonging 
to L 2 (II). The space 22J is the Hilbert one. 

By B we denote the operator in L 2 (II) acting as — on 2B. This operator is 
symmetric and closed. It follows from the definition of 2U that each v G 2U satisfies 
the equation 



2 

f o r a.e. &6( 0,+cc). 



Using this fact, one can check easily that B ^ 4, and therefore the bounded inverse 
operator exists, and < 1/4. Hence, 



(B-(5 2 Y l = B-\l-f3 2 B- 



i.e., the inverse operator (£> — /3 2 ) 1 exists and is bounded uniformly in (3. 

We let Z := (3 2 (B - fi^X. It is clear that the function Z e W 2 (U) solves 
(5.10) and satisfies the periodic boundary conditions on the lateral boundaries of 
II. By the standard smoothness improving theorems and the smoothness of X we 
conclude that Z e C°°(n\{0}). 

Using Lemma 5.1, for £ 2 > we can also construct Z by the separation of 
variables, 

Z «-« = E^(^" 6 - 73 ^ 1 ^- WS ')-^, (5.13) 

In the same way as in the proof of Lemma 5.1 one can check that this series converges 
in L 2 (n) and C k (nn {£ : £ 2 > R}) for each k > 0, R > 0. Thus, this function and 
all its derivatives w.r.t. £ decay exponentially as £ 2 _ > +00 uniformly in ^ and (3, 
and Z E 9J. 

By (5.7), (5.13) we have 

+00 

X + Z = - V e-V 4 " 2 "^ 26 cos2<i, 

^ v/4n 2 - /3 2 



+°° +00 



1^ + z \\l 2 (u) 



4^4n 2 -/3 2 ./ ?2 4^2(4n 2 -/3 2 ) 3 / 2 ' 

ra-1 n=1 n-1 



Hence, the function (X + Z) is bounded in L 2 (n) uniformly in (3. 

Reproducing the proof of Lemma 3.2 in [22], one can show easily that the func- 
tion Z satisfies differentiable asymptotics (5.11) uniformly in j3. Let us calculate 
Z(0,(3). The function 

Z(£, fi) := X(£) + Z(e, fi) + /T 1 sin fa (5.14) 
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solves the boundary value problem 

~ dZ 

(A 5 + /3 2 )z = o, een, — = o, £er°, 

is bounded, satisfies periodic boundary condition on the lateral boundaries of II, 
and has the asymptotics 

Z(£,/3) = ln|£| + 0(l), e^O. 
Using these properties and (5.10), we integrate by parts in the same way as in (5.9), 

/3 2 J XZ d£ = - Inn J Z(Af + P 2 )Z d£ 
n n 5 

l€l=*,€a>0 V 7 

and hence 

Z(O,0) = -^ J XZd£. 
n 

We substitute (5.7), (5.13), (5.14) into the last identity, 

Z(0,/3) = -/3 2 £— J=== / e -<W^>e.d6 



o 
1 



^ n^/4ra 2 - /3 2 (2n + ^4n 2 - /3 2 ) 
that proves (5.12). 

The series in the definition of 9 converges uniformly in (3, and by the first 
Weierstrass theorem this function is holomorphic in small (5. It is easy to see that 

1 2n - y/An 2 - (3 



n^An 2 - (5(2n + ^An 2 - 0) (3n^An 2 - (5 

_l ( 2 _A = j( 1 _A _ (2j - l)!!^" 1 

We substitute this identity into the definition of 9(/3), 

0(8)- yy (2j- W" 1 . ^ (2j - l)!!C(2j + l)^- 1 

n=l j=l J ' 3=1 J ' 

which yields (2.12). The proof is complete. □ 
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We choose the boundary layer as 

A) = eVXcos VXtt(X(0 + Z^eVX)). (5.15) 

It is clear that this function satisfies all the aforementioned requirements for the 
boundary layer. 

In accordance with Lemma 5.2, the boundary layer has a logarithmic singularity 
at £ = 0, and the sum of the external expansion and the boundary layer does not 
satisfy the boundary condition on 7 £ in (5.2). This is the reason of introducing 
the internal expansion. We construct it as depending on := t^ 1 ) and employ the 
method of matching of the asymptotic expansions. It follows from (5.3), (2.9) that 



'ex 



^( x ^) = ^(0, f i) + ^-(0, f i)x 2 + O(\x\ 2 ), x^O, (5.16) 

Cm/i) = -sm v /A(e,fi)n, (5.17) 

where the asymptotics is uniform in A(e,/i). Using the definition of q = ^r/" 1 and 
(1.3), by (5.15), (5.11), (3.10) we obtain 

^"(f,A) =v / Acosv / Att ^-i +£(ln|<r| + ln2) - x^j 

+ e 3 A 3/2 6(e 2 A) cos VXtt + 0(e\£\ 2 In |£|), £ ->• 0, 
uniformly in e and A. In view of (5.5), (5.16), (5.17) we have 

\/A 

■tyf (x, A) + ^ e M (£, A) = - — cos ^Aix - sin v^vr + e 3 A 3/2 6(e 2 A) cos v^tt 

fi 

+ eVXcos VA7r(ln |C| + In 2) + C(^ 2 |C| 2 (| In |C|| + | In 77])), 

as x — > 0. Hence, in accordance with the method of matching of asymptotic expan- 
sions we conclude that the internal expansion should be as follows, 

(?, A) = VC(C, A, e) + e^\ n (C, A, e ), (5.18) 

where the coefficients should satisfy the asymptotics 

CX'm = - — c °s v^tt - sin VXn 

fi (5.19) 

+ e 3 Ai /2 ^(e 2 A)cosv / A7r + o(l), q ->■ 00, 
V4"(<T,A) = sVXcosVATrOnlCl +ln2) + o(l), ? ->■ 00. 

We substitute (5.18) into (5.2) and pass to the variables <r. It yields the boundary 
value problems for ip™, 

A^r = o, ^ 2 >o, $» = o, fey, 4^ = o, ^er 1 . (5.20) 

OS2 
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For i = this problem has the only bounded solution which is trivial, 



in 



0. 



(5.21) 



Thus, by (5.19) we obtain the equation (2.15) for A(e,fx). 

In view of the properties of the function Y described in the third section the 
function should be chosen as 



The formal constructing of Ai(0, e) and ip £ is complete. 

We proceed to the studying of the equation (2.15). Since the function 9 is 
holomorphic by Lemma 5.2, the function 

T(e, fx, A) := v^cos VXtt + fx sin y/Xw - e 3 fxA s/2 9(e 2 A) cosVXn 

is jointly holomorphic w.r.t. small e, fx, and A close to 1/4. Employing the formula 
(2.12), we continue T analytically to complex values of e, fx, and A. 
As e = fx = 0, the equation (2.15) becomes 



Hence, by the inverse function theorem there exists the unique root of the equation 
(2.15). This root is jointly holomorphic in e and fx and satisfies (2.16). We represent 
this root as 



where Kj(fx) are holomorphic in fx functions. We choose the leading term in this 
series as Ai(/x), since as e = the equation (2.15) coincides with (2.9). 

We substitute (5.23) and (2.12) into (2.15) and equate the coefficients at e\ 
% — 1, . . . , 8^ It implies the equations for K i: % — 1, . . . , 8. Solving these equations, 
we obtain K\ = K 2 = and (2.18). 

Let us prove that K 2 j+i(fx) = fi 2 K2j+i(fx), K 2 j{fx) = fx 3 K 2 j(fx), where Kj(fi) are 
holomorphic in fx functions. It is sufficient to prove that 



V4 n (C, A, e) = eVX cos VJnY ((). 



(5.22) 



VAcos\/A7r = 0, 



and it has the root A = 1/4. It is clear that 





(5.23) 



K 3 (0) = K'jiO) = 0, 7^,(0) = 0. 



We take fx = in (2.15) and (5.23), 



, e) cos 



(5.24) 



A(0,e) = ^. 



(5.25) 
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By (2.10), (5.23) it implies Kj(0) = 0. We differentiate the equation (2.15) w.r.t. 
/i and then we let /i = 0. It implies the equation 

1 tta/A^, 0) sin A/A(e,0)7r - cos a/A(£,0)7t <9A 

~2 v^M) W Sl ] 



- e 3 A 3/2 ( £ , 0)^(£ 2 A( £ , 0)) cos ^/A(e,0)n + sin y/A(e,0)n = 0. 

We substitute here the identity (5.25) and arrive at the equation 

ndA, . 
-2^°' + 1 = - 

which by (2.10) implies 

OA 2 dAi . 

_(«,0) = - = -^(0). (5.26) 

These identities and (5.23) yield Kj(0) = 0. 

We differentiate the equation (2.15) twice w.r.t. /x and then we let \i = taking 
into account the identities (5.25), (5.26), and (2.12), 

Hence, #£(0) = 0, j ^ 1. 

To calculate all other coefficients of (2.17) we substitute this series and (2.12) 
into the equation (2.15) and then equate the coefficients of like powers of e. It 
implies certain equations, which can be solved w.r.t. Ki. Since all the coefficients 
in the expansion in e of 9 and other terms in the equation (2.15) are real, the 
functions Ki are real, too. Hence, by (2.17) the function A is real-valued for real e 
and fi. 

We proceed to the justification of the asymptotics. Denote 

* e (x):=(^f(a;,A( e ,|i)) + xi(a: 2 )^ H (e,A( e ^)))(l-xi(k|i7 1/2 )) 
+ Xi(k|^)^(,,A( £ ,/i)). 

where, we remind, xi is the cut-off function introduced in the third section. 

Lemma 5.3. The function 4f £ € C°°(f2 e \ {x : Xi — ±£77, x 2 = 0}) belongs to the 
domain ofH £ (0), satisfies the convergence 

W e — sin 



= C(£ 1/2 /i), ^ ->• +0, (5.28) 

L 2 (U) 

and solves the equation 

(H e (0)-A(e,iJ,))i> e = h e , (5.29) 
where for the function h e G L 2 (fi e ) an uniform in e, fi, and r] estimate 

\\h e \\ LM ^Cifie- 2 ^ 1 +6^) (5.30) 

/io/ds true. 
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Proof. It follows from the definition of 4f £ that 

^ £ G C°°(U £ \{x:x 1 = ±e V , x 2 = 0}) n Wl per (Q £ , f +). (5.31) 
The boundary condition (5.4), (5.17), and (3.14) for Y yield those for \I/ £ , 

^ £ = o on r + ui, ir^ = 011 ( 5 - 32 ) 

Let us show that 

-(A c + A(e,^))tt e = /i e , xGfi £ , (5.33) 

where /i £ G L 2 (f2 £ ) satisfies (5.30). Employing the equations (5.6), (5.20), we obtain 

-(A € + A)* e = /i e , / i£ = -(/ i «+/ i ( 2 ) + /if), (5.34) 

/ i ( 1 )(a;) = 2 x ;(x 2 )A^ (e) A(e, / i)) + x ;'(x 2 )^(e,A(e, / i)), 

**?>(*) =A(e, ^(kl^r^, A( e ,|i)), 

= 2V, X i(klV /2 ) • V^r'(z) + ^ WAxXi(l?l»7 1/2 ), 
(x) := Vf(^, A(e, /i)) - (*, A(e, /x)) - A(e, /i)). (5.35) 

It is clear that /i £ ^ G L 2 (f2 £ ) that implies the same for h £ . 
Due to (2.15) the function ipf can be rewritten as follows, 



tl£(Z, A(e, /i)) =/i(e 3 A 3 / 2 (5, /i)0( £ 2 A( £ , /.)) cos v/A^tt 

- sin v/A^TOvr) (X(£) + Z&ey/A&v))). 

Thus, 

/i^ 1} (a;) =/i(5 3 A 3/2 (e, / u)6'(£ 2 A(£, / u)) cos y/A(e,[x)7r - sin y/ A(e , /j,)iv) 
{2^{x 2 )^- + x?(x 2 )) (X(0 + Z(£, e>/Mi^))). 

The functions xU^s), XiO 3 ^) are non-zero only for 1 < x 2 < § that corresponds to 
< £ 2 < §£ -1 . For such values of £ we can use the series (5.7), (5.13) for X and Z 
which converge in C k { {£ : < £2 ^ §e~\ 16 K f } )• It yields the exponential 
estimate for 

Wh^h^^C^- 1 , (5.36) 

where the constant C is independent of e and fi. 

Taking into account (5.21), and replacing in (5.22) the factor \/~A cos \f~A-n by 
fi(e 3 A 3/2 (e, fi)8(e 2 A(e, fi)) cos y/A(e,fj,)n - sin y/A(e,fi)ir) as we did it in (5.34), we 

estimate hf\ 

I|/4 2) IIL(^)^W / inoi 2 d? 

kl<^- 1 / 2 ,? 2 >o ( 5 - 37 ) 
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where the constants C are independent of e, /i, and rj. 

The asymptotics (3.10), (5.11), (3.16), the equation (2.15), and the identities 
(5.3), (5.15), (5.18), (5.21), (5.22) imply the differentiable asymptotics for ^™ at , 

4/™ at (x) =ev / Acosv / A7r(ln|^| +In2 + C(|^|- 2 )) - sin y/X(x 2 - tt) 
-£V / Acosv / A7r(ln|e| + ln2 + e 2 A^(e 2 A) - 6 + C(|e| 2 )) 
= - sin VX(x 2 - 7r) - sinv^ff + VXx 2 cosVX'K + 0(e/j,(\£\ 2 + k| -2 )) 

=o(N 2 +eMiei 2 + kr 2 )) 



uniformly in e, /i, and rj as 



er] l/2 < \x\ < ^£V 1/2 , % e fi e . (5.38) 



Thus, for such x 



where the constants C are independent of x, e, /i, and 77. Since the functions 
V ' xXii^W^ 2 )-, ^xXii^W^ 2 ) are non-zero only for x satisfying (5.38), the last in- 
equalities for \[/™ a * and Vj*™' enable us to estimate h, 



(3) 



\\h^\\ L2( n s) ^C((e + ^), 

where the constant C is independent of e, //, and 77. We sum the last estimate and 
(5.36), (5.37), 

where the constant C is independent of e, /i, and 77. This estimate imply (5.30). 

Due to the smoothness (5.31) of \& e , the boundary value conditions (5.32), and 
the equation (5.33), the function is a generalized solution to the boundary value 
problem (5.33), (5.32). Hence, 4f £ belongs to the domain of H e (0). 

Let us prove the estimate (5.28). Completely as in the estimating h S) we check 
that 

||Xi(^2)^(l - X i(W 2 )) + XiW 12 )*? ~ € x xMv 1/2 )\Un s) = 0(e 2 ri. 
In view of (2.10) and the definition (5.3) of ip^ x the estimate 



. X 2 -1l 
w e f — Sill 

L 2 (U) 

holds true. Two last estimates and the definition (5.27) of ^ £ imply (5.28). □ 

We proceed to the estimating of the error terms. The core of these estimates are 
Lemmas 12, 13 in [37]. We employ these results in the form they were formulated 
in [29, Ch. M, Sec. 1.1, Lm. 1.1]. For the reader's convenience we provide this 
lemma below. 
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Lemma 5.4. Let A : H ^ H be a continuous linear compact self-adjoint operator 
in a Hilbert space H . Suppose that there exist a real M > and a vector u G H , 
such that \\u\\h = 1 and 

\\Au — Mu\\h ^ x, ol — const > 0. 

Then there exists an eigenvalue Mj of operator A such that 

| Mi - fi\ ^ x. 

Moreover, for any d > x there exists a vector u such that 

\\u — u\\h ^ 2x(i _1 , = 1, 

and u is a linear combination of the eigenvectors of the operator A corresponding 
to the eigenvalues of A from the segment [M — d, M + d]. 

Since the operator li £ (0) is non-negative and self-adjoint in L 2 (^e) and satisfies 
(4.1), the inverse A := ?i~ 1 (0) exists, is bounded and self-adjoint, and satisfies the 
estimate 

Mil ^4. (5.39) 

The operator A is also bounded as that from L 2 (f2 £ ) into W 2 l {Q £ ) and in view of 
the compact embedding of W 2 1 (Q £ ) in L 2 (fl £ ) the operator A is compact in L 2 (fi £ ). 
We rewrite the equation (5.29) as follows, 

A _1 (£,//)i £ = AV e + h e , he ■= A~\e,fi)Ah £ . 

By (2.16), (2.10), (5.39), (5.30) the function h £ satisfies the estimate 

IMw) = OQmT*- 1 +ev l/2 )- 

Hence, by (5.28) 

Ifclk^ll^ll^n.) = CX^e-*- 1 +e^V /2 ). 
Taking this estimate into account, we apply Lemma 5.4 with 

H = L 2 (Q £ ), u = -^ , 

ll* e |k(n e ) (5.40) 

M = A-\e^), x= ||^||L 2 (n e )||^|IZ 2 V)' 
and conclude that there exists an eigenvalue M(e, /i) of A satisfying the estimate 

\M{e,n)-hr\e,n)\ = O^-VV^'+e 1 / 2 ^ 2 ). 
Thus, by (2.16), (2.10) 

\M(e,ri\ 2 lA- 1 ^)! - O^-^e- 2 - 1 + e 1 ' 2 * 1 ' 2 ) > 3, \M~\e^)\ < \, 
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=0(^- 1 / 2 e- 2 ^ 1 +5 1 /V /2 )- 



(5.41) 



The number M 1 (e,fj,) is an eigenvalue of % e {Qi). Due to (2.8), (2.10) there ex- 
ists exactly one eigenvalue of this operator satisfying (5.41), and this eigenvalue is 
Ai(0,e). Thus, 



|Ai(0,e) - A(e,A*)| = 0(//£- 1/2 e- 2£_1 + e 1/2 r] 1/2 ) 



(5.42) 



that proves (2.14). 

The asymptotics (2.8), (2.10), (2.16), (2.14) imply that for e small enough the 
segment [A(e, //) — l,A(e, /x) + 1] contains exactly one eigenvalue of % £ , which is 
Ai(0, e). Bearing in mind this fact and (5.30), we apply Lemma 5.4 with d = 1 
and other quantities given by (5.40) and conclude that the normalized in Z^C^e) 
eigenfunction 4>(x,e) associated with Ai(0, e) satisfies the estimate 



<K;e) 



e\\L 2 (n E ) 



L 2 (n £ ) 



where the constant C is independent of e, /i, and rj. Hence, for the eigenfunction 

tp(x,e) := ||^ £ ||i 2 (^ £ )0(a;, s) associated with Ai(0,e) we have 



\\t(-,e)-iF e \\^ Q . ) = 0( f je- 2e - 1 +ET1 1 ' 2 ). 



(5.43) 



Denote & £ (x) := ^f £ (x) — ip(x : e). The equations (5.29) and the eigenvalue 
equation for ip(x,e) imply the equation for $ £ , 

n £ (0)k = \i(0,e)$ £ + (Ai(0,e) - A(e >Ai ))i e . 

Hence, we can write the integral identity 

HV<M| 2(fM = Ai(0,£)||<y 2 2(f , £) + (Ai(0,e) - A(e,n))(* £ ,® £ )L 2{ n s) . 

Thus, by (5.43), (5.42), (5.28), (2.14), (2.16), (2.10) 

l|V<Mi 2(fM ai(0,e)||4 e ||| 2(ne) + (A 1 (0,e)-A( e , Ai ))(* e ,4 e ) £a(ne) 
^II^IIL(^) + |Ai(0,e) - A(e, A i)|||* e || La(ne) ||$ e || L2(ne) 

The last estimate and (5.43) prove the asymptotics (2.19). Theorem 2.5 is proved. 
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